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DEEPAK NAIDU AND DMITRI NIKSHYCH 

Abstract. We classify Lagrangian subcategories of the representation category of a twisted 
quantum double D'^{G), where G is a finite group and a; is a 3-cocycle on it. In view of 
results of |DGNO| this gives a complete description of all braided tensor equivalent pairs of 
twisted quantum doubles of finite groups. We also establish a canonical bijection between 
Lagrangian subcategories of Rep(D"(G)) and module categories over the category Vec^ of 
twisted G-graded vector spaces such that the dual tensor category is pointed. This can be 
viewed as a quantum version of V. Drinfeld's characterization of homogeneous spaces of a 
Poisson-Lie group in terms of Lagrangian subalgebras of the double of its Lie bialgebra [Dr] . 
As a consequence, we obtain that two group-theoretical fusion categories are weakly Morita 
equivalent if and only if their centers are equivalent as braided tensor categories. 



1. Introduction 

Throughout this paper we will work over an algebraically closed field k of characteristic 
zero. Unless otherwise stated all cocycles appearing in this work will have coefficients in 
the trivial module . All categories considered in this work are assumed to be fc-linear 
and semisimple with finite-dimensional Hom-spaces and finitely many isomorphism classes 
of simple objects. All functors are assumed to be additive and /c-linear. 

Let G be a finite group and u; be a 3-cocycle on G. In |DPRH IDPR2j R. Dijkgraaf, 
V. Pasquier, and P. Roche introduced a quasi-triangular quasi-Hopf algebra D'^iG). When 
uj = 1 this quasi-Hopf algebra coincides with the Drinfeld double D{G) of G and so D'^iG) 
is often called a twisted quantum double of G. It is well known that the representation 
category Rep(D'^(G')) of D'^{G) is a modular category [BKl [T] and is braided equivalent to 
the center [K] of the tensor category Vecg of finite-dimensional G-graded vector spaces with 
the associativity constraint defined using uo. The category Vec^ is a typical example of a 
pointed fusion category, i.e., a finite semisimple tensor category in which every simple object 
is invertible. 

In |DGNOj a criterion for a modular category C to be braided tensor equivalent to the 
center of a category of the form Vec^ for some finite group G and uj G Z^{G, k^) is given. 
Namely, such a braided equivalence exists if and only if C contains a Lagrangian subcategory, 
i.e., a maximal isotropic subcategory of dimension ^/d\m{C). More precisely, Lagrangian 
subcategories of C parameterize the classes of braided equivalences between C and centers 
of pointed categories, see |DGNOl Section 4]. Note that any Lagrangian subcategory of C 
is equivalent (as a symmetric tensor category) to the representation category of some group 
by the result of P. Deligne [De| . 
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This means that a description of Lagrangian subcategories of Iiep{D^ (G)) for all groups 
G and 3-cocycles u is equivalent to a description of all braided equivalences between repre- 
sentation categories of twisted group doubles. Such equivalences for elementary Abelian and 
extra special groups were studied in |MN] and |GMN| . A motivation for such study comes 



from a relation between holomorphic orbifolds in the Rational Conformal Field Theory and 
twisted group doubles observed in |D V VVj . |DPR2] . 

A complete classification of Lagrangian subcategories of Rep(Z^'^(G)) is the principal goal 
of this paper. 

1.1. Main results. Let G be a finite group and let u G Z^{G, k^) be a 3-cocycle on G. 

Theorem 1.1. Lagrangian subcategories of the representation category of the Drinfeld double 
D{G) are classified by pairs {H,B), where H is a normal Abelian subgroup of G and B is 
an alternating G-invariant bicharacter on H. 

The proof is based on the analysis of modular data (i.e., the S- and T-matrices) associated 
to D{G). 

Theorem 11.11 gives a simple classification of Lagrangian subcategories for the untwisted 
double D{G). In the twisted {u ^ 1) case the notion of a G-invariant bicharacter needs to 
be twisted as well, cf. Definition 14. 6[ 

Theorem 1.2. Lagrangian subcategories of the representation category of the twisted double 
D'^iG) are classified by pairs {H,B), where H is a normal Abelian subgroup of G such 
that uj\hxHxh is cohomologically trivial and B : H x H ^ is a G-invariant alternating 
uj- bicharacter in the sense of Definition \4 ■ 6\ 

Note that bicharacters in the statement of Theorem 11.21 are in bijection with equivalence 
classes of G-invariant cochains /i G G^{H, k^) such that = culi/xi^xir, see (jS]). 

Let C(^H,B) denote the Lagrangian subcategory of Rep(D'^(G)) corresponding to a pair 
(if, B) in Theorems 11.11 and 11.21 Then there is a group G', defined up to an isomorphism, 
such that C[H,B) is equivalent to Rep(G') as a symmetric tensor category, where the braiding 
of Rep(G') is the trivial one [Dej . The group G' can be described explicitly in terms of G, 
H, and B, see Remark 13. 7[ Note that G ^ G' in general. 

There is a canonical subcategory i) = Rep(G) corresponding to the forgetful functor 
Rep(D'^(G)) ^ 2(Vec^) ^ Vecg. We have C(^{i},i) n C(^h,b) = Rep{G/H). 

In |Naj the first named author classified indecomposable Vec^-module categories Ai with 
the property that the dual fusion category (Vec^)^ is pointed. Such module categories 
can be thought of as categorical analogues of homogeneous spaces. The above property 
gives rise to an equivalence relation on the set of pairs (G, u), where G is a finite group and 
u G Z^G, k"") with 

(1) (G, u) ^ (G', uj') if and only if (Vec^)Xi = Vecg', for some M. 

In other words, Vec^ and Vec^/ are weakly Morita equivalent in the sense of M. Miiger |Mu2j . 

Theorem 1.3. There is a canonical bijection between equivalence classes of indecomposable 
VecQ-module categories Ml with respect to which the dual fusion category ( Vec^)^ is pointed 
and Lagrangian subcategories of Rep{D'^{G)). 



Lagrangian subalgebras of the double of a Lie bialgebra g were used by V. Drinfeld in |Drj 
to describe Poisson homogeneous spaces of the Poisson-Lie group G corresponding to q. So 
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Theorem ll.3l can perhaps be understood as a quantum version of the correspondence in [Drj . 
Note that quantization of Poisson homogeneous spaces was studied in |EK] . 
Recall that a fusion category is called group-theoretical if it has a pointed dual. 

Theorem 1.4. Let Ci and C2 be group-theoretical fusion categories. Then Ci and C2 are 
weakly Morita equivalent if and only if their centers Z{C\) and Z{C2) are braided equivalent. 

If C\ and C2 are arbitrary (i.e., not necessarily group-theoretical) weakly Morita equivalent 
finite tensor categories then it was observed by M. Miiger in |Mu2l Remark 3.18] that 
is braided tensor equivalent to ZiC^)- Also, Z{C^ being equivalent to ZiC^) (even in a 
non-braided way) implies that C\ Kl is weakly Morita equivalent to C2 Kl Cg'^^, where C*^^ 
denotes the fusion category obtained by reversing the tensor product in C. At the moment 
of writing we do not know if braided equivalence of centers implies weak Morita equivalence 
of C\ and C2 in a general case. 

Note that it was shown by S. Natale [N] that a fusion category C is group-theoretical if 
and only if Z{C) is braided equivalent to the representation category of some twisted group 
double L'^(G') (this also follows from [02]). 

Combining the explicit description of weak Morita equivalence classes of pointed categories 
from [Na] and correspondence between braided equivalences of centers and Lagrangian sub- 
categories from [DGNOj one obtains a complete description of braided equivalences of twisted 
quantum doubles. 

Recall that two finite groups G\ and Gi were called categorically Morita equivalent in 
[Naj if Vecci and Vecca are weakly Morita equivalent. Let us write G\ ~ G2 for such 
groups. It follows from Theorem 11.41 that G\ ~ G2 if and only if the corresponding Drinfeld 
doubles D{G\) and D{G2) have braided tensor equivalent representation categories. By 
Theorems ll.ll and ll.3l groups categorically Morita equivalent to a given group G correspond to 
pairs (if, B\ where if is a normal Abelian subgroup of G and B is an alternating bicharacter 
on H. Note that such pairs (ii, B) for which B is, in addition, a nondegenerate bicharacter 
were used by P. Etingof and S. Gelaki in |EGj to describe groups isocategorical to G, i.e., 
such groups G' for which Rep(G") = Rep(G) as tensor categories. This non- degeneracy 
condition in |EGj is the reason why the categorical Morita equivalence extends isocategorical 
equivalence. Indeed, since Rep(D(G)) is determined by the tensor structure of Rep(G), it 
is clear that isocategorical groups are categorically Morita equivalent. On the other hand, 
the first author constructed in [Na] examples of categorically Morita equivalent but non- 
isocategorical groups. 

For an Abelian group H let B denote the group of linear characters of H. 

Corollary 1.5. Let G,G' be finite groups, 00 G Z^{G, k^), and J G Z^(G', k'^). Then the 
representation categories of twisted doubles D'^{G) and [G') are equivalent as braided 
tensor categories if and only if G contains a normal Abelian subgroup H such the following 
conditions are satisfied: 

(1) uj\hxHxh is cohomologically trivial, 

(2) there is a G-invariant [see ([6])) 2-cochain fi G C^{H, k^) such that that = 
t^kxHxH, and 

(3) there is an isomorphism a : G' ^ H yi^, {H\G) such that o (a x a x a) and ur' are 
cohomologically equivalent. 
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Here v is a certain 2-cocycle in Z'^(H\G, H) that comes from the G-invariance of fi and 
to is a certain 3-cocycle on H >iy {H\G) that depends on v and on the exact sequence 
1 H —>■ G H\G -H> 1 [see [Nal Theorem 5.8] for precise definitions) . 

Note that in the special case when oo = 1 and is a non-degenerate G-invariant alternat- 
ing 2-cocycle on H, our construction of the "dual" group G' in Corollary 11.51 becomes the 
construction of a group isocategorical to G from [EGj . This can be seen by comparing |Na[ 
4.2] and [ESI Formula (2)]. 

1.2. Organization of the paper. Section 2 contains necessary preliminary information 
about fusion categories, module categories, and modular categories. We also recall definitions 
and results from [DGNOj concerning Lagrangian subcategories of modular categories. 

Section 3 (respectively. Section 4) is devoted to classification of Lagrangian categories of 
the representation category of the Drinfeld double (respectively, twisted double) of a finite 
group. The reason we prefer to treat untwisted and twisted cases separately is because our 
constructions in the former case do not involve rather technical cohomological computations 
present in the latter. We feel that the reader might get a better understanding of our results 
by exploring the untwisted case first. Of course when u = 1 the results of Section 4 reduce 
to those of Section 3. 

The Sections 3 and 4 contain proofs of our main results stated above. Theorems 11.11 - [T741 
and Corollary 11.51 correspond to Theorems 13.51 14.12[ 14.171 14.19[ and Corollary 14.201 

Section 5 contains examples in which we compute Lagrangian subcategories of Drinfeld 
doubles of finite symmetry groups. Here we also show that the four non-equivalent non- 
pointed fusion categories of dimension 8 with integral dimensions of objects are pairwise 
weakly Morita non-equivalent, and hence their centers are pairwise non-equivalent as braided 
tensor categories. 

1.3. Acknowledgments. The present paper would not be possible without |DGNOj and the 

second named author is happy to thank his collaborators, Vladimir Drinfeld, Shlomo Gelaki, 
and Victor Ostrik for many useful discussions. The authors thank Nicolas Andruskiewitsch, 
Pavel Etingof, and Leonid Vainerman for helpful comments. The second author thanks the 
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authors were supported by the NSF grant DMS-0200202. The research of Dmitri Nikshych 
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2. Preliminaries 

2.1. Fusion categories and their module categories. A fusion category over A; is a 
fc-linear semisimple rigid tensor category with finitely many isomorphism classes of simple 
objects, finite-dimensional Hom-spaces, and simple neutral object. 

In this paper we only consider fusion categories with integral Frobenius-Perron dimensions 
of simple objects. It was shown in [ENO, Propositions 8.23, 8.24] that any such category 
is equivalent to the representation category of a semisimple quasi-Hopf algebra and has a 
canonical spherical structure with respect to which the categorical dimension of any object is 
equal to its Frobenius-Perron dimension. In particular, all categorical dimensions are positive 
integers. For any object X of a fusion category C let d{X) denote its (Frobenius-Perron) 
dimension. 

By a fusion subcategory of a fusion category we will always mean a full fusion subcategory. 
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A fusion category is said to be pointed if all its simple objects are invertible. A typical 
example of a pointed category is Vec^ - the category of finite-dimensional vector spaces over 
k graded by the finite group G. The morphisms in this category are linear transformations 
that respect the grading and the associativity constraint is given by a 3-cocycle uj on G. 

Let C = (C, <S), Ic, a, A, p) be a tensor category, where Ic, a, A, and p are the unit 
object, the associativity constraint, the left unit constraint, and the right unit constraint, 
respectively. A right module category over C is a category Ai together with an exact bifunctor 
® : M X C —>■ M and natural isomorphisms Pm,x,y '■ M ® {X ®Y) (M ® X) Tm : 
M ® Ic ^ M, for all M G A^, X, y G C such that the following two equations hold for all 
M e M, X,Y,Z eC: 

l^M®x,Y,z ° ^M,x,Y®z ° (idAf ® ax,y,z) = (/^A/.x.y ® idz) ° 1^m,X(^y,z^ 

{tm ® idy) o fiM,lc,Y = idAf ® Ay. 

Note that having a C-module structure on a category A4 is the same as having a tensor 
functor from C to the (strict) tensor category of endofunctors of Ai. The coherence conditions 
on a module action follow automatically from those of a tensor functor. 

Let p^,T^) and {Ai2, /U^jT^) be two right module categories over C. A C-module 

functor from A^i to A^2 is a functor F : A4i —>■ /1A2 together with natural isomorphisms 
-fM,x ■■ F{M ® X) ^ F{M) ® X, for all M G Mi, X e C such that the following two 
equations hold for all M G A^i, X, F G C: 

(7Af,x®idy) o 7A/^x,y ° F{iAi,x,y) = f^FiM),x,Y ° 1m,x^y, 

^F(M) ° 7a/, Ic = F{tIi). 
Two module categories M.i and M.2 over C are equivalent if there exists a module functor 
from M.I to M.2 which is an equivalence of categories. For two module categories M.i and 
M.2 over a tensor category C their direct sum is the category M.i ® M.2 with the obvious 
module category structure. A module category is indecomposable if it is not equivalent to a 
direct sum of two non-trivial module categories. 

Example 2.1. Indecomposable module categories over pointed categories. Let G 

be a finite group and uj G Z^{G, k^). Indecomposable right module categories over Vec^ 
correspond to pairs (if, p), where if is a subgroup of G such that u}\hxHxh is cohomologically 
trivial and /i G C^{H, k^) is a 2-cochain satisfying 5^// = cjIj^/xj/xh, i-e., 

(2) p(/i2, h)iJ,{hih2, /i3)~V(^i7 h2h)n{hi, h2)~^ = uj{hi, /ig, h). 

for all hi,h2,h3 G H (see |01] ). Let A4 := M.{H, fi) denote the right module category 
constructed from the pair (if, /i). The simple objects of Ai are given by the set H\G of 
right cosets of H in G, the action of Vec^ on Ai comes from the action of G on H\G, and 
the module category structure isomorphisms are induced from the 2-cochain /i. Let H, H' 
be subgroups of G such that restrictions of 00 are trivial in H^{H, k^) and H^{H', k^). 
Two pairs (if, /i) and (if', fi'), where = uj\Hy.HxH and = ci;|f//x//'x//' give rise to 
equivalent Vec^-module categories if and only if there is (7 G G such that if' = gHg^^ 
and fi and the (7-conjugate of /i' differ by a coboundary. We will say that two elements of 
{fi G G^{H, k^) I = coili^xi/xi/} are equivalent if they differ by a coboundary. Let 

(3) ^H,u} ■= equivalence classes of {/i G G^{H, k^) \ = uj\hxHxh} ■ 

There is an (in general, non-canonical) bijection between Qh,uj and H^{H, k^), i.e., Qh,uj is 
a (non-empty) torsor over H'^{H, k^). Note that fi^.i = H'^{H, k^). 
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Let Ail and be two right module categories over a tensor category C. Let 7^) 
and (F^, 7^) be module functors from A^i to A^2- A natural module transformation from 
{F^, 7^) to (F^, 7^) is a natural transformation rj : ^ F"^ such that the following equation 
holds for all M e Mi, X e C: 

(Vm ® idx) o 7m, X = 7m, X ° Vm^x- 
Let C be a tensor category and let be a right module category over C. The dual category 
of C with respect to A4 is the category C]^ := FMnc(A^, A^) whose objects are C-module 
functors from to itself and morphisms are natural module transformations. The category 
is a tensor category with tensor product being composition of module functors. It is 
known that if C is a fusion category and Ai is semisimple fc-linear and indecomposable, then 
is a fusion category [ENOj . 
Let G be a finite group and u G Z^{G, k^). For each x G G, define T^; : G x G ^ A;^ by 

. .X ^ . X uj{xgiX-\ xg2X-\ x)uj{x, gi, ^2) . „ ^ ^ 

(4) T^(^i, ^2) := J 7 ^ , for all ^1,^2 e G. 

uj{xgix ^ X, g2) 

It is straightforward to verify that ^^T^^ = for all x E G, where 

^''{gi, 92, g-i) = iuixgix'^, xg2X~^, xg^x''^), 

for all fi'1,5'2,5'3 e G. 

For each x G G, define Ux : G x G ^ by 

. X ^(^1, 92, x)uj{gig2xg2^gi^, gi, ^2) . „ ^ ^ 
fi'2) := -, n ^ , for all gi, g2 G G. 

^^(fl'l, 92X92 , g2) 

It is easy to verify that the following relation holds: 

(5) , r = '^'■'"""f"'"';"^' . for all .,..,.9. J, e G. 

T^^(a;25'ia;2 , a;2fi'2a;2 ) TxalS'i, fl'2) ^gi92{xi, ^2) 

Let if be a normal subgroup of G such that i-o'|//xHxh is co ho mo logically trivial. For any 
X G G and G G^{H, k^) such that = uj\hxHxh, define 

/x<x := /i^ X T^l^^x/f, 

where /i2) = fi{xhix^^, xh2X^^), for all /ii, /i2 G H. It is easy to verify that 6'^{fi<x) = 

^\hxHxh- This induces an action of G on Qh,lu (defined in ([3])). Indeed, that this is an action 
follows from ([5]). Let {Qh,uj)'^ denote the set of G-invariant elements of Qh,uj, i-e.. 



(6) inH,u.f :=UenH 



— X '^xIhxh is trivial in H^(H, k^), for all x G G 
/i 



Example 2.2. Module categories over Vec^ with pointed duals. Let G be a finite 
group and u G Z^{G, k^). It is shown in [Nat Theorem 3.4] that the set of equivalence 
classes of indecomposable module categories over Vecg such that the dual is pointed is in 
bijection with the set of pairs {H, fi), where if is a normal Abelian subgroup of G such that 
^^IhxHxh is cohomologically trivial and /i G {flH,Lu)^ (the description in [Nai Theorem 3.4] 
is given in somewhat different but equivalent terms). 

Two fusion categories C and V are said to be weakly Morita equivalent if there exists 
an indecomposable (semisimple fc-linear) right module category Ai over C such that the 
categories and V are equivalent as fusion categories. It was shown by M. Miiger |Mul] 
that this is indeed an equivalence relation. 



LAGRANGIAN SUBCATEGORIES OF TWISTED QUANTUM DOUBLES 7 

A fusion category C is said to be group theoretical if it is weakly Morita equivalent to a 
pointed category. 

2.2. Modular categories and centralizers. Let C be a modular fusion category with 
braiding c, twist 6, and S-matrix S (see |BK] ). Let D be a full (not necessarily tensor) 
subcategory of C. Its dimension is defined by dim(V) := J2xeiTT{v) ^i-^Y^ where Ity(V) is 
the set of isomorphism classes of simple objects in V. In |Mu2j . M. Miiger introduced the 
notion of the centralizer of P in C as the fusion subcategory 

V ■={X eC\ c{Y, X) o c(X, Y) = idx^Y, for all Y e V} . 

It was also shown in |Mu2j that if "D is a fusion subcategory then V = T) and 

(7) dim(P) ■ dim{V') = dim(C). 

Following M. Miiger, we will say that two objects X,Y & C centralize each other if 

c{Y, X) o c(X, Y) = idx^Y. 

For simple X and Y this condition is equivalent to S{X, Y) = d{X)d{Y) jMu2l Corollary 
2.14]. 

Remark 2.3. If "D is a full subcategory of C such that all objects in I) centralize each other, 
i.e., X> C X)' then dim(D)^ < dim(C). Indeed, we have dim(P) < dim{V) and so it follows 
from ([7j) that dim(X>)^ < dim(C). In particular, if D is a symmetric fusion subcategory of C, 
then dim{Vf < dim(C). 

Lemma 2.4. Let V be a full subcategory of C {which is not a priori assumed to be closed 
under the tensor product or duality) such that X> C P'. Then the fusion subcategory X> C C 
generated by V is symmetric. 

Proof. We may assume that T) is closed under taking duals. Indeed, it follows from |ENO[ 
Proposition 2.12] that X centralizes Y if and only if X centralizes Y* for any two simple 
objects X, Y in C. 

Let Zi, Z2 be simple objects in V. There exist simple objects Xi, X2, Yi, Y2 in T) such that 
Zi is contained in Xi ® Yi and Z2 is contained in X2 ® Y2. By |Mu2l Lemma 2.4 (i)], it 
follows that Zi centralizes X2 ® Y2, and hence Zi, Z2 centralize each other. ■ 

Corollary 2.5. Let V be a full subcategory of C such that VCD' and dim{T>Y = dim(C). 
Then V is a symmetric fusion subcategory. 

2.3. Lagrangian subcategories and braided equivalences of twisted group doubles. 

Let C be a modular category. Recall that we chose the canonical spherical twist for C with 
respect to which the categorical dimension of any object of C is equal to its Frobenius- Perron 
dimension. This is possible by |ENOl Proposition 8.23, 8.24]. Let us recall some definitions 
and results from [DGNOj . 

Definition 2.6. A fusion subcategory P C C is said to be isotropic if the twist of C restricts 
to identity on V. An isotropic subcategory D C C is said to be Lagrangian if (dim(P))^ = 
dim(C). 

An isotropic subcategory P of C is necessarily symmetric and its objects have positive 
categorical dimensions. It follows from [Dej that there is a (unique up to an isomorphism) 
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group G such that V = Rep(G') as a symmetric fusion category, where Rep(G) is considered 
with its trivial braiding. 

Consider the set of all braided tensor equivalences F : C ^ ^(^)) where P is a pointed 
fusion category and Z{V) denotes its center. There is an equivalence relation on this set 
defined as follows. We say that Fi : C — > Z{Vi) and F2 : C — > 2,{V2) are equivalent 
if there exists a tensor equivalence l : Vi ^ V2 such that JF2 o F2 = i o jFi o Fi, where 
jFj : Z{Vi) — > "Pj, z = 1, 2, are the canonical forgetful functors. Let E(C) be the collection of 
equivalence classes of such equivalences. Informally, E(C) is the set of all "different" braided 
equivalences between C and centers of pointed categories, i.e., representation categories of 
twisted group doubles. 

Let Lagr(C) be the set of all Lagrangian subcategories of C. 

In |DGNOt Theorem 4.5] it was proved that there is a bijection 

(8) / : E(C) ^ Lagr(C) 

defined as follows. Note that each braided tensor equivalence F : C ^ Z{V) gives rise to 
the Lagrangian subcategory f{F) of C formed by all objects sent to multiples of the unit 
object 1 under the forgetful functor Z(V) V. This subcategory is clearly the same for all 
equivalent choices of F. 

In particular, the center of a fusion category T> contains a Lagrangian subcategory if and 
only if V is group-theoretical |DGNOj . 



K^H := I B : H X H ^ k' 



2.4. The Schur multiplier of an Abelian group. Let if be a normal Abelian subgroup 
of a finite group G. Let A^H denote the Abelian group of alternating bicharacters on H, 
i.e., 

■ B{hih2, h) =B{hi,h)B{h2, h), 
B{h, hih2) =B{h,hi)B{h, /12), and 
B{h, h) = 1, for all h, hi, h2 e H 

Let Z^{H, k^)he the group of 2-cocycles on H. Define a homomorphism alt : Z^{H, k^) ^ 
k^H : /i alt{fi) by 

alt{fi){hi, h2) := ^^T^^XT' ^i' ^2 e H. 
fi{hi, h2) 

It is well known that alt induces an isomorphism between the Schur multiplier H'^{H, k^) 
of H and h?H . By abuse of notation we denote this isomorphism also by alt: 

(9) alt : H\H, k"") ^ A^H. 

Note that both H^{H, k^) and A^H are right G-modules via the conjugation and that alt 
is G-linear. 

3. Lagrangian subcategories in the untwisted case 

We fix notation for this Section. Let G be a finite group. For any g E G, let Kg denote 
the conjugacy class of G containing g. Let R denote a complete set of representatives of 
conjugacy classes of G. Let C denote the representation category Rep(L'(G)) of the Drinfeld 
double of the group G: 

C := Rep(D(G)). 

The category C is equivalent to Z(VecG), the center of Vecc- It is well known that C is a 
modular category. Let F denote a complete set of representatives of simple objects of C. The 
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set r is in bijection with the set {(a, x) \ ^ R cind x is an irreducible character of Cg(o)}, 
where 6*0(0) is the centrahzer of a in G (see |CGR] ). In what follows we will identify F with 
the previous set, 

(10) r := {(a, x) I a G -R and x is an irreducible character of CG(a)}. 

Let S and 9 be (see, e.g. |BKj . |CGRj ) the S'-matrix and twist, respectively, of C. Recall 
that we take the canonical twist. It is known that the entries of the S'-matrix lie in a 
cyclotomic field. Also, the values of characters of a finite group are sums of roots of unity. 
So we may assume that all scalars appearing herein are complex numbers; in particular, 
complex conjugation and absolute values make sense. We have the following formulas for 
the S'-matrix, twist and dimensions: 

IGI 

S{{a, x), {b, x'j) = 1^ .^11^ X{9bg~^)x\9'^a9), 

I G{ )\\ G{ ) \ ^£^(0,6) 

X) - 



deg X 



\G\ 

d{ia, X)) = \Ka\ deg x = ^r^^ ^' 

\'~'G[0')\ 

for all (a, x), {b, x') ^ Tj where G{a, b) = {g ^ G \ agbg^^ = gbg^^a}. 
3.1. Classification of Lagrangian subcategories of Rep(D(G)). 

Lemma 3.1. Two objects (a, x), (6, x') ^ T centralize each other if and only if the following 
conditions hold: 

(i) The conjugacy classes Ka,Kb commute element-wise, 
(n) Xigbg'^) x'ig'^ag) = deg x deg x' , for all g EG. 

Proof. By |Mu2t Corollary 2.14] two objects (a, x), (6, x') £ T centralize each other if and 
only if 

S{{a, x), {b, x)) = deg xdeg x'- 
This is equivalent to the equation 

(11) ^(dbg^^) xig'^ag) = \G\ deg xdeg x', 

g£G{a,b) 

where G{a, b) = {g E G \ agbg~^ = gbg^^a}. It is clear that if the two conditions of the 
Lemma hold, then fill I) holds since G{a, b) = G. 

Now suppose that (ITTi) holds. We will show that this implies the two conditions in the 
statement of the Lemma. We have 

|G| deg xdeg x' = I x{gbg'^) x{g"^ag)\ 

g&G{a,b) 

< E \x{gbg-')\\x'{g-'ag)\ 

geG{a, b) 

< \G\ deg xdeg x'- 
So EgeG(a,6) \x{gbg~^) \ \x'{g~^ag) \ = \G\ deg xdeg x'- Since 

\G{a, 6)1 < \xigbg-')\ < deg x, and \x'ig-'ag)\ < deg x', 
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we must have G{a, b) = G, \x{9bg~^)\ = deg x, and \x'{9~^(^9)\ = deg x'- The equahty 
G{a, h) = G imphes that the conjugacy classes K^, commute element-wise, which is 
Condition (i) in the statement of the Lemma. Since \x{.9bg~^)\ = deg x, and \x'{9~^(^9)\ = 
deg x'y there exist roots of unity ag and (3g such that x{9b9^^) = ctg deg and xH.9^^'^9) = 
Pg deg x', for all 9 & G. Put this in (JTTll to get the equation 

(12) J]a,/5, = |G|. 

Note that f|T2|) holds if and only if Og/Sg = 1, for all g E G. This is equivalent to saying that 
x((?&5'~^) x' {.9^^0.9) = deg xdeg x', for al\ g E G and the Lemma is proved. ■ 

Lemma 3.2. Let E be a normal subgroup of a finite group K. Let Irr{K) denote the set of 
irreducible characters of K. Let p be a K-invariant character of E of degree 1. Then 

E ^degxf=^§-,. 



Proof. Suppose x is any irreducible character of K. Since p is i^T-invariant, by Clifford's 
Theorem, if p is an irreducible constituent of xIb, then 

x\e = (deg x) P- 

By Frobenius reciprocity, the multiplicity of any irreducible x iii Hind^p is equal to the 
multiplicity of p in x\e- The latter is equal to deg x if X satisfies (13.11) and otherwise. 
Therefore, 

(deg xf = deg Indf p = — , 



XGlrr(_ft:):x|B={deg x) P 

as required. 



Let if be a normal Abelian subgroup of G and let B be a G-invariant alternating bichar- 
acter on H. Then H = [j^^jj^j^Ka- Let 

^{H,B) '■= full Abelian subcategory of C generated by 



(13) 



x) e r 



a E H r\ R and x is an irreducible character of Gg{q) 
such that x(^) = B{a, h) deg x, for a\\ h E H 



Proposition 3.3. The subcategory C(^h,b) ^ Rep{D{G)) is Lagrangian. 
Proof. We have 

Xi9b9'^) x'{.9~^ag) = B{a, gbg'^) deg xB{b, g'^ag) deg x' 
= B{a, gbg~^) B{gbg~'^, a) deg xdeg x! 
= deg X deg x', 

for all (a, x); {b, x') ^ ^{h,b) HF, G G. The second equality above is due to G-invariance of 
B and the third equality holds since B is alternating. By Lemma [3?n it follows that objects 
in C(H,B) centralize each other. 

Also, we have ^(a,^) = ^ = deg x = 1, for all (a, x) G ^{h,b) n F. Therefore, 

^\c^H,B) = id- 
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The dimension of C(^h,b) is equal to \G\. Indeed, 

dim(£(H,i3)) = ^ d{a, xY 
(a,x)e'C(H,s)nr 

aeHnR x:{a>x)e-C(//,s)nr 



= ^ V \K\ 
\H\ ^ ' 

= \G\- 

The fourtli equality above is explained as follows. Fix a E H (1 R. Define p : H ^ hj 
p{h) := B{a, h). Observe that p is a CG(a)-invariant character of H of degree 1 and then 
apply Lemma [3.21 

It follows from Lemma [531 that ^iH,B) is a Lagrangian subcategory of Rep(Z^(G')) and the 
Proposition is proved. ■ 

Now, let £ be a Lagrangian subcategory of C. So, in particular, the two conditions in 
Lemma [3. II hold for all simple objects in C. Define 

(14) Hc:= U Ka. 

a(iR:(a, x)S:C for some x 

Note that He is a normal Abelian subgroup of G. Indeed, that He is a subgroup follows 
from the fact that C contains the unit object and is closed under tensor products. The 
subgroup He is normal in G because it is a union of conjugacy classes of G. Finally, that 
He is Abelian follows by Condition (i) of Lemma 13. 1[ 
For each a E H H R, define '■ He — > k^ by 

Uh) := 

deg X 

for h G He, where x is any irreducible character of Gg{cl) such that (a, x) G £ fl F. To see 
that this definition does not depend on the choice of x, let (a, x)j (c^? x')j ip, x") G £ fl F 
and apply Condition (ii) of Lemma [XT] to pairs (a, x)? ip, x") and (a, x')i ip, x") to get 

xigbg'^) _ f x"{g'^ag)Y^ x'igbg^^) _ f x"{g'^ag)^ 



deg X \ deg x" J deg x' \ deg x" 

for all g E G. This implies that = for any two pairs (a, x)i (c^j x') ^ ^ ^ T- 

For any a,b E He H R, by Condition (ii) of Lemma 13. 1[ and satisfy the equation: 

(15) Ugbg-') = Ug~'agr\ for all g e G. 
Define a map Be '■ He x He ^ k^ hj 

(16) Beih, h2) ■.= Ug~'h2g), 
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where hi = gag^^, g E G,a & He H R. 

Proposition 3.4. Be is a well- defined G-invariant alternating bicharacter on He- 
Proof. First, let us show that Be is well-defined. Suppose gag'^ = kak~^, where a G 
HenR,g,ke G. Then 

Beigag-\ ibr') = Uig-'mg-'i)'') 

= U{9''ir'a{g-H)r' 

= ^b{r\kak-y)-^ 
= Ur'k)-'b{i-'k)) 

= Uk-\lbl-')k) 
= Beikak-\ Ibr^), 

for all b G He H R,l E G. The second and the fifth equahties above are due to (fT5l) . 
Let hi = kak~^, h2 G He, g & G, where a G He H R, k E G. Then 

Beighig'^, fi-M"^) = Beigkak'^g'\ gh2g'^) 

= U{9k)-\gh2g-'){gk)) 

= Uk~'h2k) 
= Be{kak~^, /12) 
= Beihi, h2). 

So, Be is G-invariant. 
Now, 

Beigag~\ gag'^) = Be{a, a) 
= ^a{a) 

deg X 
= ^{a,x) 
= 1, 

for all a G He Ci R, g E G. The first equality above is due to the G-invariance of Be- So 
Be{h, h) = 1, for all h G He- 

Also, Beigiag^^, 5(2 65-^ (5(2 65-2" \ 910-91^) = ia{.gi^ g2hg2^ gi)ih{.g2^ giagi^ g2) = 1, for 
all gi, g2 E G,a,b E H n R. We used f|T5|) in the last equality. 

To see that Be is a bicharacter, observe first that C,a is a homomorphism, for all a E HeCiR- 
We have 

Be{gag~\ hi) Be{gag-\ /i2) = ^aig'^hig) ^aig~^h2g) 

= ia{.g'^hih2g) 
= Beigag'^, /ii/i2), 

for all a E He R,g E G,hi,h2 E He- We conclude that Be is a G-invariant alternating 
bicharacter on He and the Proposition is proved. ■ 
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Recall that Lagr(C) denotes the set of Lagrangian subcategories of a modular category C. 

Theorem 3.5. Lagrangian subcategories of the representation category of the Drinfeld double 
D{G) are classified by pairs {H,B), where H is a normal Abelian subgroup of G and B is 
an alternating G -invariant bicharacter on H . 

Proof. Let £ := {{H, B) \ H is a normal Abelian subgroup of G and B G (A^if)*^}. Define 
a map : £ Lagr(C) : {H, B) C(^h,b)i where C = Rep{D{G)) and C(^h,b) is defined in 
f fT3|) . It was shown in Proposition 13.31 that C[h,b) is a Lagrangian subcategory. 

To see that \l/ is injective pick any (if, B), {H', B') G £ and assume that '^{{H, B)) = 
B')). So in particular we will have C(h,b) H F = C(h',b') H F. Note that H = 
U(a,x)e£(ff,s)nr^a and H' = U(^a,x)&c^H',B'P^^^- ^^^^^ '^{h,b) H F = C^h',b') H F, it follows 
that H = H' . Also note that for any (a, x) ^ ^{h,b) H F = C(^h',b') H F, we have x{h) = 
B{a, h) deg x = B'{a, h) deg for aX\ h E H = H' . Since B, B' are G-invariant, it follows 
that B = B' . So \E' is injective. 

To see that \E' is surjective pick any C G Lagr(C). Consider the pair {He, Be), where He 
and Be are defined in (IT^ and (ITB]) . respectively. Proposition 13.41 showed that {He, Be) 
belongs to the set £. We contend that '^{{He, Be)) = C. It suffices to show that £ fl F C 

C{Hc,Bc)- But this hold by definition of C{Hc,Bc) the observation that = ^j^, for 
any two pairs (a, x)? (o-, x') G £ fl F, a G He H R. So is surjective and the Theorem is 
proved. ■ 

3.2. Bijective correspondence between Lagrangian subcategories and module cat- 
egories with pointed duals. Let P be a fusion category and let Ai be an indecomposable 
"D- module category. There is a canonical braided tensor equivalence |MuH lEOj 

(17) iM : Z{'D) ^ Z{VX,) 

defined by identifying both centers with the category of I' Kl (P^)'''^^-module endofunctors 
of A^. 

Let / : E{C) ^ Lagr(C) be the bijection between the set of (equivalence classes of) 
braided tensor equivalences between C and centers of pointed fusion categories and the set 
of Lagrangian subcategories of C defined in |DGNUj . see ([H]). 

Theorem 3.6. The assignment Ai ^ lm restricts to a bijection between the set of equiv- 
alence classes of indecomposable Vecc-niodule categories M. with respect to which the dual 
fusion category {VccgYm ^■^ pointed and E{Rep{D{G))) . 

Proof. Comparing the result of [Na] (see Example 12.21) and Theorem 13.51 and taking into 
account that the isomorphism alt : H'^{H, k^) ^ {A^H) is G- linear, we see that the two sets 
in question have the same cardinality. Thus, to prove the theorem it suffices to check that for 
M := M{H,fi) one has /(i^^) ^ ^^{H,alt{^,)), where C(^H,aH(p)) is the Lagrangian subcategory 
defined in ( IT3|) . 

By definition, f{LM) consists of all objects Z inC = Z{VecG) (identified with Rep{D{G))) 
such that the Vecc-module endofunctor F^iA^— >A^:Mh->M®Zis isomorphic to a 
multiple of id;vi. Note that here we abuse notation and write Z for both object of the center 
and its forgetful image. 

Let us recall the parameterization of simple objects of 2(VecG) in fllOl) . Suppose that a 
simple Z corresponds to the conjugacy class Ka represented by a G -R and the character 
afforded by the irreducible representation n : CG{a) — > GL(Vir). Then as a G-graded vector 
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space Z = (BxeKa the permutation isomorphism Cg^z : g®Z Z ®g is induced from 

TT, where we identify simple objects of Vecc with the elements of the group G. 

It is clear that Fz is isomorphic to a multiple of idy^ as an ordinary functor if and only if 
Ka ^ H- Note that this implies that H C Cg{(i)- Note that for every Vecc-module functor 
F : M. ^ M. the module functor structure on F is completely determined by the collection 
of isomorphisms F{H1 ^ h) ^ F{H1) ^ h, h ^ H, where HI denotes the trivial coset in 
H\G = lii{M). 

For F = Fz the latter isomorphism is given by the composition 

{Hi®h)®z Hi0{z^h) (m^z)^/.. 

The restriction of Ch^z to h^V^ is given by n{h), for all h E Ccia)- If the above composition 
equals identity, then 7i{h) = alt{fi){a, h) idy^, for all h E H. So Z G C(^H,aH(fj.)) and, therefore, 
/{lm) ^ C,(^H,ait{^i)), as required. ■ 

Remark 3.7. Let us explicitly describe the subcategory C(^h,b)- By |De] there is a unique 
up to an isomorphism group G' such that C(h,b) — Rep(G') as a symmetric category. This 
group G' is precisely the group of invertible objects in the dual category (VecG)^(^^), where 
fi G Z'^{H, k^) is such that alt{^) = B. It was shown in [Na] that G' is an extension 

Q^H^G'^ H\G 0, 

with the corresponding second cohomology class being the image of the cohomology class 
of /i under the canonical homomorphism H^{H, k^)^ H^{H\G, H), see |Na] for details. 
Note that in general G ^ G', see Section |5] for examples. 

4. LAGRANGIAN subcategories in the TWISTED CASE 

In this Section we extend the constructions of the previous Section when the associativity 
is given by a 3-cocycle u G Z^{G, k^). Note that the results of this Section reduce to the 
results in Section [3] when uj = 1. 

For this Section we follow the notation fixed at the beginning of Section [31 Let uj he a, 
normalized 3-cocycle on G, i.e., is a map from G x G x G to k^ satisfying: 

(18) uj{g2, 93, g^uj^gi, 5(25-3, fi'4)t^(fi'i, 92, Qs) = ^^{9192, 93, 9a)^{9i, 92, 939^), 

^{9, 1g, = 1, 

for all 9,1,91,92,93,9^ e G. 

Let C denote the representation category Rep(iI''^(G)) of the twisted quantum double of 
the group G |DPRll[DPR2] : 

C := Rep(D'"(G')). 

The category C is equivalent to 2(Vec^). It is well known that C is a modular category. 
Replacing a; by a cohomologous 3-cocycle we may assume that the values of uj are roots of 
unity. 

For all a,9,h E G, define 

(19) Paih,9) := uj{a, h, 9)uj{h, h'^ah, 9)~^uj{h, 9, {hgY^ahg). 
The /3a's satisfy the following equation: 

(20) /?a(x, y)Paixy, z) = /?a(x, yz)(3^-iaxiy, z), for all x,y,z e G. 
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Observe that the restriction of each f3a to the centrahzer Ccia) of a in G is a normahzed 
2-cocycle. Let V denote a complete set of representatives of simple objects of C. The set V is 
in bijection with the set {(a, x) \ a & R and x is an irreducible /3a-character of Cg{o)}. In 
what follows we will identify F with the previous set: 

(21) r := {(a, x) I a G -R and x is an irreducible /3a-character of Cg{o)}. 

Let S and 9 be the S'-matrix and twist, respectively, of C. It is known that the entries of the 
S'-matrix lie in a cyclotomic field. Also, the values of a-characters of a finite group are sums 
of roots of unity, so they are algebraic numbers, where a is any 2-cocycle whose values are 
roots of unity. So we may assume that all scalars appearing herein are complex numbers; 
in particular, complex conjugation and absolute values make sense. We have the following 
formulas for the S'-matrix, twist, and dimensions (see |CGR] ): 

S{{a, x), (6, x')) 



1^ jTf — ^nW7 — ~\ ^^^9 X X {ygy 



x) 



X(a) 
deg x' 



IGI 

diia, x)) = \Ka\ deg x = , deg x, 

\'~'G[0')\ 

for all (a, x); {b, x') ^ T, where g = x~^ax,g' = y~^hy. 

4.1. Classification of Lagrangian subcategories of Rep(D'^(G)). 

Remark 4.1. Let p : K ^ GLiV) be a finite-dimensional projective representation with 
2-cocycle a on the finite group K, i.e., p{xy) = a{x, y)p{x)p{y), for all x,y E K. Let x be 
the projective character afforded by p, i.e., x{x) = Trace(p(x)), for all x E K. Suppose that 
the values of a are roots of unity. Then \x{.x)\ < deg x, for aX\ x E K and we have equality 
if and only if p{x) E ■ idy. 



Lemma 4.2. Two objects (a, x)? {b, x') ^ T centralize each other if and only if the following 
conditions hold: 

(i) The conjugacy classes Ka,Kh commute element-wise, 

(tt) y-^by)M^y-^y,pM^^^^^^ y-^) ^ ^^^y.,^^.,^ x'{yx"'axy~') = deg x deg x' , 

for all x,y G G. 

Proof. Two objects (a, x); (^5 x') ^ T centralize each other if and only if S{{a, x), (b, x')) = 
deg xdeg x'- This is equivalent to the equation: 



(22) 



f ^a{x, g)Pa{xg , X )Pb{y, g)Pb{yg,y )\ , , _u 
V ^-7 — ZTTTTT — —\ X X {ygy 



\Ka\\Kb\ deg xdeg x', 



where g = x ^ax,g' = y ^by. It is clear that if the two conditions of the Lemma hold, then 
holds since the set over which the above sum is taken is equal to Ka x Kf,. 
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Now suppose that (!22l) holds. We will show that this implies the two conditions in the 
statement of the Lemma. We have 
\Ka\\Kb\ deg xdeg x' 



E 



Pajx, g')f3a{xg', X ^)f3b{y, g)l3biyg, y ^] 
paix, x-'^)f3biy, y^) 

Pa{x, g')(3a{xg', x-^)(3b{y, g)(3b{yg, y~^] 



(3a{x, X ^)(3b{y, y ^) 

\x'{ygy'^)\ 



xixg'x ^)x'{ygy ^) 
xixg'x~^)\ Ix'iygy'^) 



geKa,g'eKtnCG{9) 

= Ixixg'x 

geKa,g'€Ki,nCG{g) 
< \Ka\\Kb\ deg xdeg x' 
So 

^ \x{xg'x~^)\ \xiygy~^)\ = l^all^fel deg xdeg x'- 

g€Ka,g'€KtnCG{g) 

Since |{(^, g')\ge K,,g' e KbH Cdg)}] < \Ka\\Kb\, \x{xg'x-^)\ < deg x, and 
Ix'iygy )\ < deg x', we must have \{{g, g') \ g e Ka,g' E Kb D Ccig)}] = |^a||^fe|, i-e. 
{(g, g') \ g E Ka,g' G KbHCdg)} = KaXKb, \xi.xg'x-'^) \ = deg x, and \x'{ygy''^)\ = deg x'- 
The equality {(^f, g') \ g e Ka,g' e KbH Cdg)} = Ka x Kb implies that Kb C Cdg), for 
all g G Ka . This is equivalent to the condition that Ka, Kb commute element-wise which is 
Condition (i) in the statement of the Lemma. Now, (|22l) becomes: 
(23) 

'Pa{x, g')pa{xg', X ^)pbiy, g)Pb{yg, y xixg'x ^) x'iygy ^) 



E 

{g,g')€KaXKb 

where g = 
Remark 14.1 



pa{x, X ^)pb{y, y ^) 



deg X deg x' 



Ka Kb 



X ^ax,g' 



y ^by. Since \xixg'x ^)\ = deg x, and Ix'iygy ^)| = deg x', by 



x(xgj^ — ^ and ^ [^fj^^ , ^ are roots of unity. Note that fl23|l holds if and only if 

xixg'x''^) x'iygy'^) = deg X deg x', 



deg X deg x' 

Paix, g')(3aixg', x-^)(3biy, g)/3biyg, y'^ 



paix, X ^)(3biy, y ^) 

for all g G Ka,g' G Kb, where g = x~^ax,g' = y^^by. This is equivalent to Condition (ii) in 
the statement of the Lemma. ■ 

Note 4.3. Let E he a subgroup of a finite group K. Let a be a 2-cocycle on K. Let x be 
a projective a-character of E. For any x E K, define x^ by 

X^(0 •= (^{Ix, x'^^)^'^a{x, x^^lx)^'^a{x, x^^) xix^^lx), 

for all / G E. Then x^ is a projective a-character of xEx~^. Suppose E is normal in K. 
Then x is said to be K-invariant if x^ = Xi foi' all x E K. 

Lemma 4.4. Let E be a normal subgroup of a finite group K. Let a be a 2-cocycle on K. 
Let Irr{K) denote the set of irreducible projective a-characters of K. Let p be a K-invariant 
projective a\ExE- character of E of degree 1. Then 

XeIrr{K):x\E={deg x) P 
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Proof. The proof is completely similar to the one given in Lemma 13.21 except in this case we 
apply Clifford's Theorem |Kat Theorem 8.1] and Frobenius reciprocity |Kat Proposition 4.8] 
for projective characters. ■ 

Let if be a normal Abelian subgroup of G. 

Recall that u; G ^^(G, fc^) gives rise to a collection (120]) of 2-cochains (3a, a E G. 

Definition 4.5. We will say that a map B : H x H ^ is an alternating u-bicharacter 
on H if it satisfies the following three conditions: 

(24) 5(/ii, /i2) =S(/i2, h^)-\ 

(25) B{h, h) = 1, 

(26) 6'B^ = (3,,\hxh, 

for all h, hi, h2 G H, where the map Bh : H ^ is defined by Bh{hi) := B{h, hi), for all 
h, hi e H. 

Definition 4.6. We will say that an alternating tu-bicharacter B : H x H ^ k^ on if is 
G-invariant if it satisfies the following condition: 

(27) B{x'^ax, h) = /^^(^^J^)/^^(^_^> ^ ') 5^^^ xhx-^), ioi a\\ x e G,a E H n R,h e H. 

Pa\X, X J 

Define 

(28) AlH := {B : H X H ^ k"" \ B is an alternating uj — bicharacter on H}, 
and 

(29) i^lHf := {B e AlH \ B is G-invariant}. 

Remark 4.7. li u = 1, then (A^if)*^ is the Abelian group of G-invariant alternating bichar- 
acters on H. 

Remark 4.8. If 5 is an alternating cj-bicharacter on H, then the restriction uj\i{xHxh must 
be cohomologically trivial. Indeed, let uh '■= ^^\hxHxh- Then B defines a braiding on the 
fusion category Vec^ . The isomorphism /ii ® /i2 — ^ ^2 ® hi is given by B{hi, h2), for all 
hi,h2 G H, where we identify simple objects of Vec"^^ with elements of H. It is known ( see, 
6-g-, [Q], [EEs]) that in this case loh is an Abelian 3-cocycle on H. By a classical result of 
Eilenberg and MacLane |EMj the third Abelian cohomology group of H is isomorphic to the 
(multiplicative) group of quadratic forms on H. The value of the corresponding quadratic 
form g on /i G if is given by q{h) = B{h, h). Since B is alternating we have q = 1 and so 
uh must be cohomologically trivial. 

Let B G (A^if)^ and define: 

'^{H,B) '■= full Abelian subcategory of C generated by 



(30) 



a & H n R and x is an irreducible /^^-character of Ccia) 
such that x{h) = B{a, h) deg x, for all /i G if 



(a, x) e r 

Proposition 4.9. The subcategory C(^h,b) ^ Rep{D^{G)) is Lagrangian 
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Proof. Pick any (a, x), {b, x') ^ ^(h,b) H F. We have 



Pa{x, x-^)Pbiy, y~^) 
(3aix, y'^by)Paixy-^by, x'^] 



Xixy %x ^)xiyx ^axy ^] 



B{a, xy ^byx 



Pa{x, X 1) 

Pb{y, x~'^ax)Pb{yx'^ax, y'^] 



X 



My, y-') 

B{x~^ax, y~^by) B{y~^by, x~^ax) deg x^eg x' 
deg X deg x\ 



B{b, yx ^axy x deg xdeg x' 



for all x,y E G. The second equality above is due to fl27|) while the third equality is due to 

flM|) . Note that Ka, Kb commute element-wise since H is Abelian. By Lemma [4.21 it follows 

that objects in C(^h,b) centralize each other. 

Also, 0\c(^H B) ~ The proof of this assertion is exactly the one given in Proposition 13.31 
Now, fix a G -ff n -R and observe that Ba defines a Cg(o) -invariant /5a-character of H of 

degree 1. Indeed, 



(3a{x, X ^) 



-B{a, X ^hx) 



f3a{hx, X ^)(3a{x, X ^hx) 
B{x^^ax, x^^hx)^^ B{a, h) B{a, x^^hx) 
B{a, h), 



for all X G Cc{a), h E H. The second equality above is due to flTTI) . 

The dimension of C{^h,b) is equal to The proof of this assertion is exactly the one 
given in Proposition 13.31 except we appeal to Lemma 14.41 in this case. 

It follows from Lemma [2.41 that C{^h,b) is a Lagrangian subcategory of Rep(i5'^(G')) and 
the Proposition is proved. ■ 



Lemma 4.10. Let H he a normal Abelian subgroup of G. Let B : H x H ^ be a 
map satisfying ([24l) . ([25i) . and ([27|) . Suppose S^Ba = PalnxH, for all a & H n R. Then 
B G {AlHf. 
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Proof. We only need to verify that (!26|) holds. We have 
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B{x~^ax, hi)B{x^^ax, /is) 



B{x~^ax, /ii/is) 

V Pa{x, X ^) \ Pa{x, X ^) J 



X 



(3a{x, X ^) 



Yy^ B(a, xhih2X 



^/3a{x, hih2)(3a{xhih2, X 

_ Pajx, hi)Pa{xhi, X~~'^)Pa{x, /l2)/?a(a^/^2, X~^)/3a(x/liX~\ x/ls^'^) 

f3a{x, x-^)(3a{x, hih2)(3a{xhih2, x-1) 

_ Px-^axih, h2)Pa{xhi, X-^)Pa{x, h2)Pa{xh2, X''^) PajxhiX^'^ , x/j-aX"^) 

Pa{xhi, h2)Pa{x, X'^) (3a{xhih2, X~^) 
_ Px-iax{hl, h2)Pa{xhi, h2X-'^) P^-lg^jx'^ , x/j,2X~^)/3a(x, /is^;"^ )/3x-iaa' (^2, X''^) 

Pa{xhi, h2)Pa{x, X-^) Pa{xhih2, X'^) 

= Px-^ax{hi, /la), 

for all X G G, a G H H R, hi, h2 G if. In the second equality above, we used (!27|) . In the 
third equality we used 6^Ba = Pa\HxH- and canceled some factors. In the fourth equality 
we used (l20l) with (x, ?/, z) = (x, /ii, /is). In the fifth equality we used (!20!) twice with 
(x, 2;) = (x, /12, x""*^), (x/ii, x~\ xh2X~^). In the last equality we used (!20!) twice with 
(x, y, z) = {xhi, /12, x^"^), (x, x"^, xh2X^^). ■ 



Now, let £ be a Lagrangian subcategory of C. So, in particular, the two conditions in 
Lemma [4.21 hold for all objects in £ fl F. Define 

(31) Hc:= U 

a£R:(a, x)G'Cnr for some x 

Note that He is a normal Abelian subgroup of G. 
Define a map Be : He x He — > A;^ by 

.oo^ D A ^ ^2)/5a(x/i2, x"^) x(a;^2X-^) 
l32j Be[ni, 112} := 3— -r- x 



/3a(x, X 1) deg X 

where hi = x~^ax,x & G,a & He H R and x is any /^^-character of CG(a) such that 
(a, x) ^ n r. The above definition does not depend on the choice of x- The proof of this 
assertion is similar to the proof given for the corresponding assertion in the untwisted case. 

Proposition 4.11. The map Be defined in (132!) is an element of [Is?^H)^ . 



20 DEEPAK NAIDU AND DMITRI NIKSHYCH 

Proof. First, let us show that Be is well-defined. Suppose x~^ax = z~^az, where a G 
HjrnR,x,z e G. Then 

D . _i -1, ^ (^a{x, y-^hy)l3a{xy-^hy, x'^) x{xy'^byx-^) 

Bc{x ax, y by) = — — x 

Pa{x, X ^) deg X 

Pbiy, x-'^ax)Pbiyx~^ax, y"^) f x' {v^^^ axy'^) 



Pbiy, y ^) J \ deg x' 



(^b{y, y~^) J V deg x' 

^ Pajz, y-^by)(3a{zy-^by, z'^) ^ xjzy'^byz-'^) 

Paiz, z^^) deg X 

= Bciz'^az, y'^by), 

for all b G He R,y G G, where x' is any irreducible /3b-character of Gcip) such that 
(6, x') ^ C- ^V. The second and the fourth equalities above are due to Condition (ii) of 
Lemma 14.21 

The map B^ satisfies fl24|) because Condition (ii) of Lemma 14.21 holds. Let us show that 
([25]) holds for Be- 

Bc{x~^ax, x'^ax) 

Pa{x, X~^ax)Pa{ciX, X~^) x{(^) 

X 



f3a{x, X 1) deg X 

_i uj(a, ax,x~^)uj(ax, x~^, a) lj(x, x'^ax, x~^) 

uj{a, X, X ax) x x — — — - x 9^a,x) 

uj[ax, X ^ax,x ^) Ui)[a, x, x )0J[x, a; ^, a) 

uj{a, X, x~^a)u{ax, x~^, a) 



uj{a, X, X ^)uj{x, X ^, a) 
= 1, 

for all X G G, a G He H R. In the second equality we used the definition of Pa- In the 
third equality we used ( |T8l) with {gi, g2, gs, gi) = (a, x, x~^ax, x~^) and used the fact that 
9(^a,x) = 1 • In the fourth equality we used ffTSl) with {gi, g2, gs, g^) = (a, x, x~^, a). 

The map Be satisfies f l271) because Bc{a, xhx~^) = ^^^^^ — for all a G if fl -R, x G G, /i G 

H. We have B^a, h,)Be{a, h) = g^g^ = Mhu = ^2) i?/:(a, hh), 

for all a E H n R, hi, h2 G H. The second last equality above is because H acts as scalars on 
the projective /3a-representation of CGia) whose projective character is x- By Lemma (4.101 
it follows that Be G A^H and the Proposition is proved. ■ 

Theorem 4.12. Lagrangian subcategories of the representation category of the twisted double 
D'^{G) are classified by pairs {H,B), where H is a normal Abelian subgroup of G such that 
^\hxHxh is cohomologically trivial and B : H x H —>■ is a G-invariant alternating ui- 
bicharacter in the sense of Definition \4-(^ 

Proof. The proof is completely similar to the one given in Theorem 13.51 ■ 

4.2. Bijective correspondence between Lagrangian subcategories and module cat- 
egories with pointed duals. Recall [NaJ that equivalence classes of indecomposable mod- 
ule categories over Vec^ for which the dual is pointed are in bijection with pairs {H, /x), 
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where if is a normal Abelian subgroup of G such that ^^\hxHxh is cohomologically trivial 
and /X e {^H,u,)^ (defined in ([6])). 

Theorem 14. 121 showed that Lagrangian subcategories of Rep(D'^(G')) are in bijection with 
pairs {H, B), where if is a normal Abelian subgroup of G such that uj\hxHxh is cohomo- 
logically trivial and B G (A^ii)*^ (the latter was defined in ( |28l) ). 

In this Subsection we will first show that the set of equivalence classes of indecomposable 
module categories over Vec^ such that the dual is pointed is in bijection with the set of 
Lagrangian subcategories of Rep(i5'^(G')). Let ii be a normal Abelian subgroup of G such 
that uj\hxHxh is cohomologically trivial. We will establish the aforementioned bijection by 
showing that there is a bijection between Qh,lj (defined in ([3])) and A^if that restricts to a 
bijection between {flH,ui)'^ and (A^if)*^. 

Let fj, G G^{H, k^) be a 2-cochain satisfying = ujIhxHxh- Define alt'{fi) by 

alt'{fi){hi, /12) := ^if^' f^l , hi, h2 G ii". 
H{hi, h2) 

Lemma 4.13. The map alt'{fi) : H x H ^ defined above is an element of A^H . 

Proof. Clearly alt\ji){hi, = alt'{fi){h2, hi)^^ and alt'{fi){h, h) = 1, for all h, hi, h2 G H. 
We have 

alt\n){h, hi) alt\jj){h, h2) /i(/ii, h) /i(/i2, h) jj,{h, hih2) 
aW{fi){h, hih2) fi{h, hi) fi{h, h2) fi{hih2, h) 

fi{hi, h)fi{h2, h)fi{hhi, h2^ 



fi{h, h2)fJ,{hih2, h)fi{hi, h2 
fi{hi, h)fi{hhi, h2 



X u{h, hi, h2) 



X uj{h, hi, /is) X uj{hi, h2, h) 
fi{h, h2)fi{hi, hh2) 

_ uj{h, hi, h2)uj{hi, h2, h) 

uj{hi, h, h2) 

for all h,hi,h2 G H. In the second, third, and fourth equalities above we used ([2]) with 
{hi, h2, hs) = {h, hi, h2), {hi, /i2, h), {hi, h, /is), respectively. ■ 

The map alt' induces a map between Qh,u; and A^ii. By abuse of notation we denote this 
map also by alt': 

(33) alt' : ^h,uj ^liH : /i ^-^ alt'{jj,). 

Lemma 4.14. The map alt' defined above is a bijection. 

Proof. First note that alt' is well-defined. Fix fiQ G G^{H, k^) satisfying 5^yUo = ^\hxHxh- 
Let Bq := alt'{fio). Define bijections fi : A^if ^ A^if B ^ and /a : riH,uj ^ 

H^{H, k^) : fi H-> {j^^- Note that the cardinality of the two sets ^h.u and A^H are equal. 
Injectivity, and hence bijectivity, of alt' follows from the equality fi o alt' = alt o /s. 



Lemma 4.15. The following relation holds: 

^x{h2, hi) ^ Pxh^x-i{x, h2)Pxhix-^{xh2,x^'^) 
^^{hi, /12) Pxhix--^{x, x-^) 



for all X E G,hi,h2 E H. 
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Proof. We have 

T^(/l2, hi) Pxh^x-^{x, x"^) 

X 



T^{hi,h2) Pxh^x-^x, h2)l3^h^x-Axh2,x ^) 

uj{xh2X~^, xhix~^, x) u{xhix~^, x, x~^)uj{x, x~^, xhix^^) 



uj{xh2X ^, X, hi)uj{xhix ^, xh2X ^, x) uj{x, hi, x ^) 

u{xh2, hi, x~^) 



uj{xhix^^, xh2, x~^)uj{xh2, xhix^^) 
uj{xh2X~'^, xhix'^, x)uj{xhix^^, x, x~^)lj{x, x~^, xhix~^)uj{xh2X~^ , xhi, x'^) 
uj{xhix~^, xh2X~^, x)uj{xhix~^, xh2, x~'^)uj{xh2, x~^, xhix~^)uj{xh2X~^ , x, hix^^) 

uj{x, x'"^, xhiX^^)uj{xhih2X^^ , x, x^^) 
uj{xhix~^, xh2X~^, x)uj{xhix~^ , xh2, x~'^)uj{xh2, x~^, xhiX~'^)uj{xh2X~'^ , x, hix~^) 

uj{x, x^^, xhiX^^)uj{xh2X~^ , X, x~^) 
uj{xh2, x~^, xhiX~^)uj{xh2X~^, x, hix^^) 
= 1, 

for all X E G,hi,h2 E H . In the first equality above we used the definition of T and (3 and 
canceled some factors. In the second, third, fourth, and fifth equalities we used f|T8l) with 
{.9ii 92, 93, 94) = {xh2X~^, X, hi, x~'^), {xh2X~^, xhix~^, x, x~^), {xhix~^, xh2X~^, x, x~^), 
and {xh2X~^, x, x~^, xhix~^), respectively. ■ 

Lemma 4.16. The map alt' defined in ( |33l) restricts to a bijection between {^^huj)'^ o-nd 

Proof Let us first show that alt'{{nH,uj)^) C (AlH)^. Pick any e (fi/f,^)^. 
So alt X Tx\hxh^ = 1, for all x E G. We have 

alt'{^J){x~'ax, h) X alt'{^J){a, xhx'^Y^ = ^[^' f "'""f | x 

H{x ^ax, h) n{xhx '-, a) 

fi^{x~^ax, h) fi{h, x~^ax) 

X 



IJ,{x~^ax, h) jJ'^ih, x~^ax) 

, f , \ _i , ^x{h, x~^ax) 

= alt[ — X T^Ihxh [h, X ax) x — - — — 

V /i / Tr,{x ^ax, h) 

Tx{h, x^^ax) 

Tx{x~^ax, h) 

_ (3a{x, h)(3a{xh, x~^) 

(3(i{x, X ) 

for aW X E G,a E H {~\ R,h E H . In the fourth equality above we used the fact that 
alt X T,| hxh] = 1 and in the fifth equality we used Lemma |4A5J So alt'{{QH,uj)'^) ^ 
(AlH)'^, as desired. 

Now let us show that (A^if)*^ C alt' {{VLh,uj)^)- Pick any fi E i^H,ui and suppose that 
alt'iiJ,) E (AlH)^. Suffices to show that alt x T^.| 

hxh) = I5 for all X E G. Let 
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B := alt'{jj,). We have 

alt[ — X T^Ihxh [hi, h2) x — — — — 
= B{xhix~^, xh2X^^)B{hi, h2)'~^ 

= B{{yx^^)'^a{yx~^), xh2X^^)B{y~^ay, h2)~^ (where hi = y~^ay) 

_ Pa{yx~^, xh2X~^)Pa{yh2X'^, xy'^) ^ Pa{y, y~^) 

I3a{yx-^, xy-^) [3a{y, h2)/3{yh2, y-^) 
Pa{yx~'^, xh2)Pa{yh2, x~'^)Pa{yh2X~'^, xy~^) 

(3xhix-^ixh2, x-'^)Paiy, y-^)l3a{yx-^, xy-^)paiy, h2)/3aiyh2, y^) 
^ /?a(l/x~\ x)(3a{yh2, x~^)/?a(y/i2X~\ xy-^)Pa{y, y-^) 

Pxhix-^{x, h2)Pxhix-^ixh2, x~^)Paiyx-'^, xy-^) j3a{yh2, y-^) 

^ Pxhrx-A^^ X~^)Paiyh2, X~^)/3a(|//l2X'\ Xy~^)Pa{y, y'^) 

Pxhix-^{X, h2)Pxhix-^{xh2, X-^)Pa{y, X''^) paiyX'^ , Xy'^) I3a{yh2, V'^) 

^ T^(/ii, h2) ^ f3a{y, y'^)(3h^{x~^, xy'^) 

T^(/i2, hi) Paiy, x-'^)paiyx-^, xy'^) 
_ ^x{hi, h2) 

T^(/i2, hi)' 

for all X G G,hi,h2 G H. In the fourth through eight equalities above we used ( !20l) with 
{x: y, z) = (yx-^, xh2, x-^), {yx-^, x, /i2), (yx'^, x, x-i), lyh2, x-\ xy'^), and (y, x'^, xy'^), 
respectively. It follows that (A'^H)'^ C alt'{{QH,oj)'^) and the Lemma is proved. ■ 

Recall that E(C) denotes the set of (equivalence classes of) braided tensor equivalences 
between a modular category C and the centers of pointed fusion categories. 

Theorem 4.17. The assignment Ai i— > lm [defined in (|T71) ) restricts to a bijection between 
equivalence classes of indecomposable VecQ-module categories M. with respect to which the 
dual fusion category (Vec^)^ is pointed and E[Rep[D'^[G))). 

Proof. The proof is completely similar to the one given in Theorem 13.61 ■ 

Remark 4.18. The equivalence type of the symmetric category C(h,b) of Rep(-D'^(G')) can 
be explicitly described in a way similar to Remark 13. 7[ cf. |Nal Theorem 4.5]. 

Theorem 4.19. Let Ci,C2 be group-theoretical fusion categories. Then Ci,C2 are weakly 
Morita equivalent if and only if their centers Z[Ci) and ^[€2) are equivalent as braided 
fusion categories. 

Proof. That the "if part is true for all fusion categories was first observed by M. Miiger 
in [Mult Remark 3.18]. This follows from the definition of weak Morita equivalence and a 
theorem of P. Schauenburg [S]. See also [N[ lOlt lEO] . 

For the "only if part, let [Gi, ui), [G2, UJ2) be two pairs of groups and 3-cocycles such 
that Ci is weakly Morita equivalent to Vec^^^ and C2 is weakly Morita equivalent to Vec^^^. 

If 2[Ci) = Z[C2) (as braided fusion categories) then Z(Vec^^J = ^(Vec^^^) (as braided 
fusion categories) and therefore, Vec^"^ and Vec^^^ are weakly Morita equivalent by Theo- 
rem U]T7] and hence, Ci and C2 are weakly Morita equivalent. ■ 
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Corollary 4.20. Let G,G' be finite groups, u G Z^{G, k""), and u' G Z^{G', A;^). Then 
the representation categories of twisted doubles D^[G) and D'^ {G') are equivalent as braided 
tensor categories if and only if G contains a normal Abelian subgroup H such the following 
conditions are satisfied: 

(1) uj\hxHxh is cohomologically trivial, 

(2) there is a G-invariant [see ([6])) 2-cochain fi G C^{H, k^) such that that = 
^^IhxHxh, and 

(3) there is an isomorphism a : G' ^ H xi^ {H\G) such that w o [a x a x a) and u' are 
cohomologically equivalent. 

Here u is a certain 2-cocycle in Z'^{H\G, H) coming from the G-invariance of jj, and w is a 
certain 3-cocycle on H Xy (H\G) depending on v and on the exact sequence 1 — >• — >• G — > 
H\G 1 (see |Nal Theorem 5.8] for precise definitions). 



5. Examples 

5.1. Lagrangian subcategories of the Drinfeld doubles of finite symmetry groups. 

Example 5.1. Consider the group of symmetries of a regular n-gon, i.e., the dihedral group 
D2n = (r, s I r" = = 1, rs = sr~^), n > 2. Let us describe the Lagrangian subcategories 

ofRep(D(D2n))=^(VecD,J. 

Let n = 2. Then D4 = Z/2Z x Z/2Z. There are six different Lagrangian subcategories of 
Rep(i:'(Z/2Z X Z/2Z)), all of them equivalent to Rep(Z/2Z x Z/2Z). 

Let n = 4. The group Dg has five normal Abelian subgroups which give rise to seven La- 
grangian subcategories of ZiVecDg). With an exception of the Lagrangian subcategory cor- 
responding to the center (r^) of Dg, all Lagrangian subcategories are equivalent to Rep(D8)- 
The one corresponding to (r^) is equivalent to Rep(Z/2Z x Z/2Z x Z/2Z). Applying [DGNU] 
we conclude that for some 3-cocycle 00 on Z/2Z x Z/2Z x Z/2Z there is a braided tensor 
equivalence Iiep{D{Ds)) = Rep(Z)'^(Z/2Z x Z/2Z x Z/2Z)) (existence of such an equivalence 
is already known to experts, see |CGRj and [ GMNj ). 

If n = 3 or n > 5 then normal Abelian subgroups of are precisely rotation subgroups 
{r''), where k is a divisor of n. Each of these subgroups is cyclic and so has a trivial 
Schur multiplier. The Lagrangian subcategory of ^(Vec^ig^) corresponding to (r^), k\n, is 
equivalent to Rep(Dih(Z/|Z x Z/ZcZ)), where for any Abehan group A we denote Dih(74) = 
A X Z/2Z the generalized dihedral group (the action of Z/2Z on A is by inverting elements). 
Consequently there is a 3-cocycle u on Dih(Z/f Z x Z/A;Z) such that Rep(L'^(Dih(Z/f Z x 
Z/fcZ))) = Rep(D(D2n)) as braided tensor categories. 

Next, consider the symmetry groups of Platonic solids. 

Example 5.2. The tetrahedron group ^4 has two normal Abelian subgroups: the trivial one 
and another isomorphic to Z/2Z x Z/2Z. The Schur multiplier of Z/2Z x Z/2Z is isomorphic 
to Z/2Z with the trivial A4-action. So Iiep{D{A4)) has three Lagrangian subcategories. All 
three are equivalent to Repi^A^). 

The double of the cube/octahedron group S4 also has three Lagrangian subcategories 
(corresponding to the same data as in the case of A4). One can check that corresponding 
three Lagrangian subcategories of Rep(-D(S'4)) are all isomorphic to Rep(S'4). 
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Finally, the group of symmetries of dodecahedron/icosaliedron is a simple non-Abelian 
group A^. It is clear that for any simple non-Abelian group G the category Rep(D(G)) 
contains a unique Lagrangian subcategory (corresponding to the trivial subgroup of G). 

Recall 1^ that a group G is called categorically Morita rigid if Vecc being weakly Morita 
equivalent to Vec^/ implies that groups G and G' are isomorphic. One can check that in 
this case 00 must be cohomologically trivial. Our results imply that G is categorically Morita 
rigid if and only if all Lagrangian subcategories of Rep{D{G)) are equivalent to Rep(G') as 
symmetric categories. 

It follows from Examples 15. II and 15.21 that groups A4, 6*4, A^, as well as groups D2n, where 
n is a square-free integer, are categorically Morita rigid. It is clear that any group G without 
non-trivial normal Abelian subgroups is categorically Morita rigid. 

Finally, let us consider symmetries of vector spaces. 

Example 5.3. Let n be a positive integer and let ¥q be the finite field with q elements. Let 
G = SL{n, q) denote the special linear group of n x matrices with entries from Fg, i.e., 
matrices having determinant equal to 1. 

Let PSL{n, q) = SL{n, q)/Z{SL{n, q)), where Z{SL{n, q)) is the center of SL{n, q). Let 
us assume that (ra, q) 7^ (2, 2), (2, 3). It is known that in this case PSL{n, q) is simple. 

Let d = (n, q — 1) be the greatest common divisor of n and q — 1. The group Z{SL{n, q)) = 
is cyclic and any normal subgroup of SL{n, q) is contained in Z{SL{n, q)). Thus, La- 
grangian subcategories of Rep{D{SL{n, q))) correspond to divisors of d. One can easily de- 
scribe the equivalence types of these subcategories. For instance, the Lagrangian subcategory 
corresponding to Z{SL{n, q)) = Z/dZ, is equivalent to Rep{Z/dZ x PSL{n, q)). Therefore, 
Rep{D{SL{n, q)) is equivalent (as a braided tensor category) to Rep{D'^ {Z/ dZx P S L{n, q))) 
for some 3-cocycle u. 

5.2. Non-pointed categories of dimension 8. 

Example 5.4. It is known |TYj that there are exactly four non-pointed fusion categories of 
dimension 8 with integral dimensions of objects: Rep(i58); R^piQs), where Qs is the group 
of quaternions; KP, the representation category of the Kac-Paljutkin Hopf algebra [KacPj : 
and TY, the category of representations of a unique 8-dimensional quasi-Hopf algebra which 
is not gauge equivalent to a Hopf algebra |TY] (equivalently, TY is the unique non-pointed 
fusion category of dimension 8 with integral dimensions of objects which does not have a 
fiber functor). 

Let us show that these four categories belong to four different weak Morita equivalence 
classes and hence, in view of Theorem I4.19[ their centers are not equivalent as braided tensor 
categories. 

All proper subgroups of Qs are normal Abelian and have trivial Schur multipliers. Hence 
all of them produce pointed duals. So Rep((58) is the only non-pointed dual of VecQg. 

The only non-normal subgroups of = {r, s | = = 1, rs = sr^) are reflection 
subgroups (s), (sr), and their conjugates. Such subgroups appear as factors in exact fac- 
torizations of Dq (one can take (r) as another factor). The corresponding dual categories 
(VecDg)^(^5^ 1) and (Vecijg)^^^^^^ -^^ admit fiber functors by [02, Corollary 3.1] and so are 
representations of semisimple Hopf algebras. But Hopf algebras corresponding to exact fac- 
torizations of are known to be either commutative or cocommutative. We conclude that 
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and, hence, Rep(i58) is the unique non-pointed dual of VecDg- 

Thus, neither Iiep{Qs) nor Rep(D8) is weakly Morita equivalent to any other non-pointed 
category. 

It remains to check that the same is true for TY. Let ujo be a non-trivial 3-cocycle 
on Ds/{r^, s) = Z/2Z (corresponding to the non-zero element of H^{Z/2Z, k"") = Z/2Z). 
Let TT : Ds ^ Ds/{r^, s) be the canonical projection. Define a 3-cocycle a; on Ds by 

= cuo o (vr X TT X tt). Then = 1 on (r^, s) and the restrictions of ut on each of the 
subgroups (r) and (sr) are cohomologically non-trivial. This means that the complete list of 
equivalence classes of indecomposable module categories over Vec'^^ consists of 1), 
M{{r^), 1), M{{s), 1), and M{{r^, s), /i), where /i E H'^{Z/2Z x Z/2Z, fc^). Therefore, 
the only non-pointed dual category of Vec'^^ corresponds to ^A{{s), 1), see Example 12. 2[ It 
follows from the classification of fiber functors on group-theoretical categories obtained in 
[021 Corollary 3.1] that the category (Vec'^^)^^^^^ does not have a fiber functor and hence 
(Vec'^g)^^i,^^ = TY. Since all other duals of Vec'J;^^ are pointed, it follows that TY is not 
weakly Morita equivalent to any other non-pointed fusion category. 

Hence, Rep(-D8), ^Gp{Qs), KP, and TY are pairwise weakly Morita non-equivalent fusion 
categories. Our claim about their centers follows from Theorem 14.191 

Let us note that there is another 3-cocycle t] on Dg such that (Vec^g)^^-^^^ ^-j = KP. Up 
to a conjugation, such rj must have a trivial restriction on (r^, s) and (sr) (this can be seen 
from the Kac exact sequence |Kacj ). 

Remark 5.5. The braided tensor equivalence classes of twisted doubles of groups of order 8 
were studied in detail in [GMN] using the higher Frobenius-Schur indicators. In particular, 
it was shown that there are precisely 20 equivalence classes of such non-pointed doubles. 
In view of results of the present paper this description can be interpreted in terms of weak 
Morita equivalence classes of pointed categories of dimension 8. 
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